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The characteristic equations for the one-dimensional non-stationary seepage equation are presented. It is shown that any exact
solution of the equation of the characteristics has a constant arbitrariness (of no more than three arbitrary constants). This
arbitrariness is used to construct, generaily speaking, an approximate solution of the initial boundary-value problem. © 2005
Elsevier Ltd. All rights reserved.

1. FORMULATION OF THE PROBLEM
For the non-stationary seepage equation in the one-dimensional case

Pax = mp " Vpiiky) (1.1)

(m is the porosity of the medium, & is the seepage coefficient, v is the polytropic exponent, p is the
pressure in the medium, ¢ is the time, x is the spatial variable and differentiation with respect to the
corresponding variable is denoted by subscripts) which, in a certain modified time scale, has the form

P = PIY+ PPy, (12)
an initial boundary-value problem has been set up with the following initial and boundary conditions
p(x,0) =0, p(0,1)=F(@), FO)=0 (1.3)

This problem is considered below.
Choosing the time ¢ = #(x, p) as the dependent variable, we write Eq. (1.2) in the form

2 2 2 2 _
=ty + Pt t, =2ttt +t,1,) =0 (1.4)

If x is chosen as the dependent variable, then, for the function x = x(p, t) we obtain the equation
x,x‘?', +x,/Y~px,, =0 (1.5)

Equations (1.2), (1.4) and (1.5) have a singularity accompanying the higher derivatives and are
characterized by a finite rate of propagation of perturbations [2].

Exact solutions, having a constant arbitrariness, have been obtained for such equations by different
methods in a number of papers (see [3-7], for example) but the question remains as to why the exact
solutions of Egs (1.2), (1.4) and (1.5) only have a constant arbitrariness.

A study of the characteristics of Eq. (1.1) enables us to answer this question.
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2. INVESTIGATION OF THE CHARACTERISTICS
In Eq. (1.4), we change to the new independent variables
p-o(x) =§ x=1 21

It is obvious that the Jacobian of the transformation is not equal to zero.
We now consider under what condition & = const is a characteristic of Eq. (1.4).
In the new variables, Eq. (1.4) has the form

g = 15(ty — Q1) 1Y + (9 + E) (1 — 20,05 + O2ter — Puete) 1o — .
= 22ty — Pule)(len — @ lee) + (1 — (pxtg)ztéé] =0

We collect the coefficients of the derived derivative #; and require that their sum should be equal
to zero. The line € = const is then a characteristic [8]. We obtain

(Pité + Z(thé(tn - (thé) + (tn - (th§)2 =0

We now write the relation which must be satisfied on the characteristic in order that Eq. (2.2) should
have a solution. We obtain the ordinary differential equation (ODE)

Uty — @Y~ (9 +8),, = 0 2.3)
which must satisfy the characteristics of Eq. (2.2). The solutions of the Eq. (2.3) depend on the parameter

& = const.
Equation (2.3) has the singular solution

O(x) = £ (xJy/ty) +a(€), a(E) = const 2.4
If ¢, # 0, then, on putting @,(x) = y(¢), for the function y*(¢) = g we obtain the first-order ODE

(o +8)/2]g, = Vi —qly

2 _ o =u, u=t / 1 _c® 25
q ¢, =u, u 'Y(tg ((p+§)2/'y) (2.5)

Here, c(§) is an arbitrary constant.
We now write the solution of (2.5) with separable variables, expressing the function @(x) in terms of
u and obtain

It follows from this that

dv e
AQQ) | ——————5 = x+b(8), =u = .
(E")I(l + vz)l+yl2 r+ (&) v=u v (2 6)

where A(€) and b(E) are certain constants.
If y = 2(n - 1), where n is an integer, then, on carrying out the integration in (2.6), we obtain [9]
(also, see [4])

x = -bE)+ AW

_ @n-3)!! v & (2n—1)2n-3)..2n-2k+1)
W= P % 2.k
2'(n-1)! =1l 12 - D) (n-2)...(n-k)(1 £ V%)

@27

= lnl , 2z, = 2arcigp
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If a minus (plus) sign is under the integral sign in formula (2.6), z_(z,) is chosen.
Wheny=2n-1[9]

n-1 k k 2k+1
D) (n-1) D)
W =
k§02k+l( k )(Iivz)

k+ 12

The plus (minus) signs in the numerator and denominator of this expression are chosen to be the same
and correspond to the signs in formula (2.6).
If yis any number, then [9]

x = —b(E) + VF(Y/2+ 1, 1/2; 312, -0°) (2.8)
Here F(a, B; v; x) is hypergeometric function.

Expressions (2.7) and (2.8) are, in fact, solutions of Eq. (1.5) for a fixed time (see relations (2.1) and
(2.5)). Consequently, for any ¢, the solution of Eq. (1.5) in the case of arbitrary y will have the form

Y2+ 1)(7/2+2).. (2 + 5)8,}

-
x(p.1) = b(r)+A(r)B"z[I + 521( (172 + Dil

29
B =1-a(t)yp™"

Substituting expression (2.9) into Eq. (1.5), we obtain a system of first-order ODEs for determining
the functions a(t), A(t) and b(t), and, on solving this system, we will have the solution of Eq. (1.5) which
depends on three arbitrary constants.

We now consider the case when y = -1. In this case, Eq. (2.3) has the solution

0(x) = -&+a(E)cosx +b(E)sinx, a(E)’+b(&)’ = -1/ty, 1;<0
@(x) = —E+c(E)chx+d(E)shx, c(€)*+d(E)’ = U1y, 1,>0
It follows from this that
p(x,t) = r(t) + a(t)cosx + b(r)sinx, 1 <0 (2.10)
p(x,t) = f(r) +c(t)chx +d(t)shx, >0 (2.11)

Substituting expression (2.10) into Eq. (1.2), we obtain (differentiation with respect to time is denoted
by a dot)

F+dcosx+ bsinx = — (bcosx — asinx)2 ~(r+h)h, h = bsinx+acosx
This expression will be an identity if
F=-(a’+b%), da=-ra, b=-rb (2.12)
We shall assume (the general case) that a(f) # 0 and b(¢) # 0. Then,
rP+v=a+b’, v = const

Further, suppose o = V|v|. Then [5]

p(x 1) = atg[o(B —1)] + (Acosx + psinx)/cos[a(B-1], A +u>=v>0

p(x 1) = ath[ouP +1)] + (Acosx + psinx)/ch[a(B+0], A2 +p’ = v<O

Here, a, B and A are arbitrary constants.
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Similarly, relation (2.11) can be substituted into Eq. (1.2) to obtain a solution which depends on three
arbitrary constants.
If, in Eq. (1.4) we change to the variables

x_.(p(p) = E_‘, p=1 (213)

then £ = const will be a characteristic if #;, = 0.
In this case, it is necessary that the condition

@1+ 9,7~ PO, = 0 (2.14)

is satisfied on the characteristic.
Let us put @, = g. Then, we shall have an equation for g and, on solving this, we obtain

17y
q=(pp=£—ﬁ—, O = const, m:g

Y(1-0p ") fe
We shall assume that y = k/I, where [ and k are integers, k > [ + 1. Then, on integrating the expression
for g, we obtain the solution of Eq. (2.14)

oLy L a w-bi
¢(p) = —zap k_,b,p +¢cX(6)

1k
a=t =const, b= @' = const, ¢ = ab™ = const, O = bp
(-nr2 (2.15)

= MEk=D i x@) = m(1-8)+ T cos2t,in(1+20cosT, +67) +
k—l—l i=1
(-n12 0 + cosT; 2i-1
+2 2 sm2t,~arcth’ T =7

i=1 ¢

At a fixed time, the solution of Eq. (1.5) must be identical to expression (2.15), and we shall therefore
seek a solution of Eq. (1.5) in the form

(.0 = - a0~ 2 X0 ™+ ) 216)

Substituting expression (2.16) into Eq. (1.5), we obtain
a=0, ¢=0, d=1lla
It follows from this that
a(t) = a = const, c(t) = ¢ = const, d(t) = tla+a
But c(r) = a(t)b(t)™ (see relation (2.5)) and, consequently, ¢ = ab(f)™, and, then, b(f) = b = const.
A solution of Eq. (1.5) has been obtain which depends on three arbitrary constants a, b and a.

We also write the singular solution of Eq. (2.14)

9, = t/Yy=0¢ =ap-t/(ya)+p, o = const, B = const

So far it has been assumed that the characteristic & = const has the form of (2.1) or (2.13). In the
characteristic variables, the solution of Eq. (1.4) depends on the single variable (t = #(€), t, = 0). In
the general case, we can assume that & = y(x, p, f) and them, after substituting the implicitly defined
function ¢ = f(y(x, p, 1)) into Eq. (1.4), we obtain (y,f, # 1).

VL fe+ WA+ VWY = POW Ve = 2W, W, W + Vo) = 0 (2.17)
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It is obvious that, in this case, y(x, p, 1) = a(r), where a(t) is a function which is the inverse of the
function ¢ = f(y) and 1/f; =d(?).
Suppose that

a(t) = W(X’P, t) = —P"’(P(Xy t)

Then, after substituting the derivatives of the function y(x, p, t) into Eq. (2.17), we obtain the equation
(\Vp = —1)

—d(1) + 9, - 921y - (@-a())@,, = O (2.18)

If # = const, then (2.18) is a characteristic equation. Unlike in the chgracteristic equations (2.3) and
(2.14), there is a term @, in it which, when ¢ = const, cannot be equal to zero on the characteristic. An
exact solution is known [3] where, when ¢ = const, this term depends on x. Hence, (2.18) is the most
general case of a characteristic equation.

Equation (2.18) is a second-order ODE and has a solution which depends on two arbitrary constants:
¢ = ¢(x, b, c), b = const, ¢ = const. Since the solution of Eq. (1.2) on the characteristic must be identical
to the solution of Eq. (2.18), if ¢, depends on x, then the solution of Eq. (1.2) will have the form
P = ¢(x, b(t), c(t)) — a(t), and, on substituting it into Eq. (1.2), we obtain a first-order ODE for the
functions b(f), c(t) and a(t). Consequently, the exact solution of Eq. (1.2) will have an arbitrariness of
no greater than three arbitrary constants.

For example [3]

px 1) = —(x—a) s+ w/s™® & =2(y+2)/y, s=58t+P (2.19)

Here a, B and p are arbitrary constants. It can be verified that expression (2.19) satisfies Eqs (1.2) and
(2.18).

It follows from all that has been said above that any exact solution of Eq. (1.2) has an arbitrariness
of no greater than three constants.

3. APPROXIMATE SOLUTION OF THE INITIAL-BOUNDARY-VALUE
PROBLEM

We will now show how expressions for the function p(x, t) with a constant arbitrariness can be used to
solve initial-boundary-value problem (1.2), (1.3).

Having an exact solution which depends on three arbitrary constants, it is possible to construct a
solution which depends on two arbitrary functions if two constants are given as certain functions of a
third constant. Using the example of the solution (2.19), we will show that these functions can be chosen
such that the initial and boundary conditions will be exactly satisfied.

According to conditions (1.3), p(0, ¢) = F(t). We fix ¢t = v in expression (2.19) and require that the
following equality be satisfied

F(v) = —oir! +ur‘m, r=30v+p 3.1)

By also requiring that the equality p,(0, v) = Fi (v) be a satisfied for the derivative with respect to ¢
of the function (2.19), we obtain

F(v) = 8c’r - 2ur @D (3.2)
From relations (3.1) and (3.2), we find the values of o and p if 7 # 0
o = y(Fr*+2Fr)l4, p = yr%Fr+8F)/4 (3.3)

Satisfying conditions (3.3) means that the curve p(0, t) = F(t) is the envelope of the curves formed
by the sections x = 0 in the surface p = p(x, ) from the solution (2.19).
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On requiring that the conditions o, = 0 and p, = 0 be satisfied for o and p in the expressions (3.3),
we obtain

L(v,B) = Frr+2(8+ 1)Fr+28F = 0; F = F(v), r = r(v) (3.4)
which is equivalent to the requirement that p,(0, v) = F(v).
From equality (3.4) we find that v = v(B) (if L, # 0) and substitute it into expression (3.3). We obtain

the required functions o = (), p = p(PB), and substitution of these into expression (2.19) gives the
one-parameter family of surfaces

p(x1) = = (x-a(B)’s™ +p(B)s ™" (33)
We require that the derivative pg be equal to zero
Pp = 2(x~- a)aﬁs_l +(x- oc)zs’2 + ups'm -2us” M-8 = 0 (3.6)
Expressing p = B(x, ¢) from this equality and substituting it into expression (3.5), we obtain a surface
which is the envelope of the one-parameter family of surfaces (3.5).
Although the functions (3.5) are exact solutions of Eq. (1.2), the function
P(x,1) = p(x, 1, B(x, 1))
will only satisfy Eq. (1.2) approximately since

P, = Pr+pBBt =p, P, = px+pBBx = Dy
Pxx = pxx+pxﬁﬁx+(pBBx)x = pxx+pxﬁBx¢pxx
(Pxg # 0 when B = B(x, £) from the equality (3.6)).

The maximum error on substituting the approximate solution into Eq. (1.2) will be equal to ppgB.,
where p = p(x', ¢, B), B = B(x', #'), and x' and ¢' are the solutions of the system of equations

(pprBx)x =0 (ppxﬁﬁx); =0 (3’7)
In the wave front, where P(x, t) = 0, and p,g(x, t, B(x, £))B.(x, t) # =, Eq. (1.2) is satisfied exactly but,
when P(x, t) # 0, the error can be significant.

In order to obtain a more exactly solution of the initial boundary-value problem, we shall assume
that v = ¢ in expressions (3.1) and (3.3) and that

pix 1) = —(x—a@)’r(ty + A, A1) = p()r(r) (3.8)

where r(?) is an unknown function which, when ¢ = v, can be determined from relation (3.4) in the form
. 2 12

r(v) = {-@+1)Fx[((§+1)F) —-28FF] }/F, F = F(v) 3.9

if ¥ # 0 and the expression in the square brackets in (3.9) is non-negative.

Table 1
r

F F

v>0 -2<y<0 Y< -2
>0 >0 O<r,r<r¥<0 r=0 r¥<r<0
>0 <0 r<0,0<r*<r r=0 O<r<r*
<0 >0 O<r<r, r<r*<0,0<r,<r r<0,0<r,<r
<0 <0 r,<r<0 r<r,<0,0<r*<r O<r,r<r,<0
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We shall seek the contour lines of the function p(x, f). From relation (3.8), we find a function
x = x(t) such that p(x(), f) = F(v) and obtain

x(8) = o(r) £ [(Me) - Fv)r())"? (3.10)

We next substitute expression (3.8) into Eq. (1.2) and then substitute expression (3.10) into the
resulting relation. We obtain an ODE for determining the function r = r(f) on the contour line
px(t), t) = F(v) of the form

_ (@ - (Fr+ 2F) + 85 - )x(F - F(v))

(8-2)x(F - F(v))-2(8"* - x)(Fr+ F) (3.11)

A-F(v), x=r"a

8

We determine the initial value = r(v) from equality (3.9). In Eq. (3.11), where no argument is indicated
in the case of the functions and derivatives, the argument is understood to be .

After finding the solution of Eq. (3.11) for ¢ > v, we substitute the value of r(¢) obtained into equality
(3.1) and determine the value of x = x(f) such that p(x(t), {) = F(v). When v = 0, this value will correspond
to the perturbation front which separates the domain of quiescence from the moving medium.

The necessary and sufficient conditions for the existence of a true perturbation front (3.10) are
presented in Table 1, where

re = =2FIF, r* = -8F/F (F = F(1))

In order that the condition x(0) = 0 be satisfied, the relation sign o = -sign(gr)"? must also be satisfied.
Hence, Eq. (1.2) will be exactly satisfied on any contour line.

Remark. If the value of r(v) which satisfies relation (3.9) is such that
B(v) = r(v)-28v = const

then, in the case of the given boundary conditions, expression (3.5) is an exact solution of Eq. (1.2) since o = const
and u = const.

Examples. 1. Suppose y = -1 and F(f) = —tg(#/2). Substituting the functions corresponding to the specified boundary
conditions into relation (3.9), we obtain that B(v) # const and, hence, to construct the perturbation front x = x(1),

we solve Eq. (3.11) and substitute the resulting values of the function 7(¢) into equality (3.10). An exact solution
5

p(x,t) = ctgt~ cosx/sint

is known for the boundary conditions being considered.

The perturbation front in this case, if 0 < ¢ < 1, x > 0, has the form x = t. The approximate perturbation front
differs from the exact perturbation front by less than 3% when t < 0.85 and by less than 1% when ¢ < 0.5.

2. Suppose the boundary conditions F(¢) = (1 —e”)/2 when y = —2. Substituting the corresponding values into
equality (3.9) and choosing the minus sign in front of the root in order to satisfy condition 7 # 0, we obtain
B(v) = -1 = const.

It was pointed out in the remark that, in the case of the given boundary conditions (B = const) it is possible to
obtain an exact solution of the initial boundary-value problem by putting v = ¢. From expression (3.3), we find
that

ol =12, up¥® = —e¥n2

Substituting the values which have been found into relation (3.5), we obtain the exact solution for the given
boundary conditions

px 1) = (x+1/2)° - e¥12

3. We now consider the solutions of problem (1.2), (1.3) when F(t) = at, a = const. If the values of yand a have
the same signs, then, when B = «, we obtain the exact solution of this problem

p(x 1) = FOFx(vF)"” (3.12)
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If y and a have opposite signs, then the function (3.12) is complex-valued. In this case, we make use of relations

(3.3) and (3.4) in order to obtain a solution. Let us assume, for example, thaty= -1,a = ¢ Then

W N =

B=0, a=0, p=cr
The exact solution in the case of the specified boundary conditions has the form
p(x, 1) = X1(2t) + 't
I wish to thank S. S. Titov for useful comments.
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